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The accuracy of a method solving an electronic many-body problem lies in the estimation of the
exact exchange-correlation term. Many approximations are formulated for some special situations
and how to tackle the correlations, leading to overestimated or underestimated physical properties.
It is possible to understand and evaluate the exact exchange-correlation in a semi-empirical model by
understanding the charge distribution and a screening effect of a delocalized s state. A quantitative
calculation in a simple tight-binding + U model is performed, which describes quite accurately
some physical properties as the magnetism and the gap in transition metal oxides. Unifying several
approaches of the band structure theory, explaining some disagreements in theoretical physics and
some experimental results. We found 1.3 eV in the Iron BCC, 1.55 eV in the Cobalt FCC and 2.2
eV in the Nickel for the exchange-correlation energies per orbital and a good estimation of the Curie
temperature.
I. INTRODUCTION
One of the most accurate way to describe the elec-
tronic structure is to solve the Kohn-Sham’s equations
including an exchange-correlation term [1]. This method
always failed to describe monoxides of transitions metals
as insulators but describes accurately the metal propri-
eties. The correction for the gap is to use a GW ap-
proximation [2], an hybrid functional [3] or by setting
the effective coulomb on-site repulsion U (LDA+U and
the GGA+U). The real problem is the fact that we do
not understand correctly the origin and the exact formu-
lation of the exchange-correlation term. The exchange
interaction is well known as the gain or the lost in en-
ergy for a couple electrons depending of their spins. So
there is an attractive potential for electrons with oppo-
site spins creating a double occupation in an orbital and
the system gain in energy. When the spins are parallels,
the system lost in energy by paring theses electrons so
they repel each other creating a Fermi hole. And the
opposites spins create the Coulomb hole [4]. With that
definition we can create a perfect Hartree-Fock model
with a Fermi correlation, but this model will never de-
scribe correctly the transition metals behaviors. Because
in metals, paring electrons are delocalized as if they are
subjected to a repulsive potential creating an correlation
hole. Normally, to understand the effective electron re-
pulsion we should use the Hubbard model [5]. This model
is used to deduce the Stoner magnetism, hence integrates
the magnetism in the tight-binding approximation. The
magnetism has been integrated into a tight-binding ap-
proach from a Stoner model in an electronic structure
containing all the orbitals spd [6, 7] and reproducing the
electronic structure from a DFT calculation in an aug-
mented plane wave basis. This approach is efficient and
describes accurately the energies, but is known to over-
estimate the Coulomb parameters (Stoner/Hubbard pa-
rameter) [8]. The magnetism was introduced in a local-
ized d band [9] giving the Coulomb parameters in agree-
ment with the photoemission experiments but fails to de-
scribe correctly the energies. That is an example which
shows that the electron-electron interactions depend on
the basis. Generally, all the interactions in a metal are a
competition for reducing the energy. The chemical way
to see that is to pair all the d electrons by an attractive
exchange interaction reducing the kinetic energy and giv-
ing the cohesion. But this description gives a covalent
and directional bonds. In transition metals, the bounds
are not directionals and the system can be described as
a packing of hard spheres. This is due to the fact that
a transition metal is a strongly correlated system. By
the means of an all-electron calculation, we noticed that
there is a s → d transition given the atomic structures
[Ar]4s1d7, [Ar]4s1d8 and [Ar]4s1d9 respectively, for the
Iron, the Cobalt and the Nickel in the solid state com-
pared to their atomic configurations. The last s free elec-
tron (or sp state in the literature) has a dramatic effect
on the electronic structure. As a free electron it visits all
the s, p and d states. By the presence of this electron
in the d orbitals, the coulomb potential is screened so
that the repulsion between the pairing electrons (oppo-
site spins) increases, breaking the double occupation and
creating a true electron density in the mean-field and a
exchange-correlation hole. The electrons in the d orbitals
are then delocalized, the bounds become spherical and
the cohesive energy decreased. This phenomenon will be
demonstrated in this paper in a simple tight-binding ap-
proximation with and without the sp state and we will
add the correlations in a Hubbard model.
II. METHODOLOGY
The tight-binding approach in a mean field theory
(Hartree-Fock) adopts a local form of the Hubbard model
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2in the d band.
H = −t
∑
i,j,σ
(
c†iσcjσ + h.c.
)
+ Ud
n0∑
λ
nλ↑nλ↓ (1)
This hamiltonian has nothing to see with the form of
the Hubbard model in a crystal lattice. It is a Hubbard
model which adds the correlations on n0 = 5 d orbitals
noted λ in a one-atom basis. Ud is the effective Coulomb
repulsion on one d orbital λ. This hamiltonian is consti-
tuted of t the tight binding hopping hamiltonian. This
parameter contains the atomic energies d of the d elec-
trons which can be decomposed in the atomic basis ψm
with the Hamiltonian Hat in a local term and a pertur-
bation α.
d =
∫
ψ∗m(r)H
atψm(r)d
3r︸ ︷︷ ︸
local
+
∫
ψ∗m(r)∆U(r)ψm(r)d
3r︸ ︷︷ ︸
α : pertubation
(2)
The term α comes from a perturbation approach where
the atomic potential V ati (r) is perturbed by a weak per-
turbation ∆U(r) due to the overlap with the neighbor-
ing atoms. This perturbation contains the interatomic
exchange J interd−d and the interatomic coulomb repulsion
V interd−d . As the overlap is weak, the non local term is
often neglected giving a tight binding model without in-
teratomic correlations. But this term means that every
modification in the atomic potential by a perturbation
leads to a shift of the atomic levels by a quantity α so
that the band energy is modified. Reciprocally, every
shift in the atomic energies is due to the apparition of
a perturbation potential ∆U(r). This argument can be
used to create a numerical correction for the screening ef-
fects. t also takes into account also the hopping integral
t′. The overlap with the neighbors open a band energy
with the width W which describes the allowed energies
for the d electrons to hop from a site i to a site j.
W ∝ t′ = −
∫
ψ∗m(r)∆U(r)ψm(r −Rm)d3r (3)
The interatomic exchange is symbolized in the equation
(1) by the creation and the annihilation operators. The
Hubbard local hamiltonian (1) in the Hartree-Fock de-
scription gives an effective repulsion Ud which contains
the intra-atomic Hartree term and the exchange. We can
describe the screening effects induce by the s charge on
the d band as the d electrons are feeling an additional
effective repulsion Uxcd per orbital (Containing an extra
exchange coupling Jxcd−d and the Hartree repulsion U
xc
d−d
in the d orbital).
H = −t
∑
i,j,σ
(
c†iσcjσ + h.c.
)
+ UHFd
∑
λ
nλ↑nλ↓
+Uxcd
∑
λ
nλ↑nλ↓
The eigenstates of this hamiltonian in the d band are
quite similar to those obtained by solving the Kohn-Sham
equation compared to the previous Hartree-Fock picture.
This Hubbard hamiltonian describes the screened effect
and a delocalized d electrons given an effective Hubbard
repulsion Ud which contains all the correlations of the sys-
tem. We will now relate the effective Coulomb repulsion
Ud in one orbital to the magnetism. For the 3d metals,
the d band has a wide density of states at the Fermi level,
so the system gain in energy by polarizing the spins and
then lowering the coulomb repulsion Ud per orbital and
this coulomb energy lost is more important than the ki-
netic energy generated by a positive exchange coupling.
From the expression (1) by considering n0 = 5 d orbitals
containing nd electrons the local spin magnetic moment
and the number of electrons in the d band are given by :
µ = nd0
〈
nd↑ − nd↓
〉
and n = nd0
〈
nd↑ + n
d
↓
〉
. The Coulomb
term can be written as (inspired by the reference [10] in
a lattice description) :
Ud
∑
λ
ndλ↑n
d
λ↓ ≈
∑
λ
ndλ↑
〈
nd↓
〉
+ ndλ↓
〈
nd↑
〉− 〈nd↑〉 〈nd↓〉
= Ud
∑
k,σ
ndkσ
〈
nd−σ
〉− n0Ud 〈nd↑〉 〈nd↓〉
=
Ud
2n0
∑
kσ
(nd − σµ) c†kσckσ − nd0Ud
1
4n20
(nd − µ)(nd + µ)
=
Ud
nd0
∑
kσ
(nd
2
− σ
2
µ
)
c†kσckσ −
Ud
nd0
(
n2d
4
− µ
2
4
)
The band structure kσ = k +
nUd
2n0
− σ2 Udµn0 is then de-
pendent on the spin σ and the bands energies are shifted
by an exchange splitting energy term :
∆ =
Udµ
n0
= Id−dµ (4)
Where Id−d is the Stoner parameter. The local hamilto-
nian can be written as :
H =
∑
kσ
(
k +
nUd
2n0
− σ
2
Udµ
n0
)
c†kσckσ −
Ud
n0
(
n2d
4
− µ
2
4
)
(5)
We can deduce the Stoner relation (4) intuitively by sup-
posing that the magnetism comes from an augmentation
of the population of the majority spin on an atomic site
compared to the minority spin. The atomic potential is
then modified by the unpaired µ electrons making lost
Udµ in the Coulomb energy. In our perturbation ap-
proach the atomic levels are then shifted by α = −∆ for
the electrons in the majority spin towards the lower ener-
gies (because the Coulomb potential is weaker) compared
to the minority spin and the band structure has no sym-
metry of spin anymore. The system lost in cohesion, but
gain in magnetic energy. We can easily relate ∆ with
the intra-orbital exchange Jd−d (Here ∆ is proportional
to µ2 not as in the reference [11]) :
∆ = n0 · Jd−d · µ2 and Jd−d = ∆
n0 · µ2 (6)
3For the iron the weak ferromagnet, we will use ∆ =
2n0 · Jd−d · µ2. In this document we will not deal with
the spin transport properties and the spin-orbit coupling.
If we do the summation in the hamiltonian (5) we will
find the difference in the total cohesive energy when we
go from a non magnetic state to a magnetic state :
∆Emag. = Eferrocoh − Enon mag.coh
= ∆Ecoh − 14n0Udµ2(delocalized)
= ∆Ecoh − 14n0U locald µ2 − 14n0Uxcd µ2(localized)
The exact exchange-correlation energy gives the correc-
tion in a localized case (without the screening) with an
additional repulsive term Uxcd . In the delocalized case
(with the sp state) this term is already included in Ud.
It is then possible to deduce the electron-electron interac-
tion parameters : the Hubbard effective repulsion, the ex-
change coupling Jd−d and the exchange-correlation Uxc.
In a strong formalism we should study these phenom-
ena with the Green’s functions taking into account the
screening effects. But for the sake of the simplicity, we
can deduce these parameters directly by the local den-
sity of states (LDOS) n(E). The advantage of the tight-
binding model is the fact that this approach allows to
decompose the LDOS in different components. Then we
can diagonalize the 5 × 5 hamiltonian with the hopping
parameter in the d band (ddσ, ddpi, ddδ) and obtain a
LDOS nlocalizedd (E) of localized d electrons without the sp
state. To treat the delocalized structure, we need to di-
agonalize all the 9×9 hamiltonian including the sp states
for getting a partial delocalized d LDOS ndelocalizedd (E).
Generally, every variation in the electronic occupation
leads to the apparition of a Coulomb term which modi-
fies the band energy as stated previously. Then we can
find every creation or annihilation of a coulomb energy by
making the difference of the band or the cohesive energy
in the localized and the delocalized d bands.
Uxcd =
∫ EF
−∞
Endelocalizedd (E)dE −
∫ EF
−∞
Enlocalizedd (E)dE
This simple expression describes the exact exact echange-
correlation per d orbital. To be more accurate numeri-
cally it is better to use the variation of the cohesive en-
ergy to avoid some shifts in the atomic energy by the
fitting. We find in our calculations for the iron BCC,
the Cobalt FCC and the Nickel FCC respective values :
1.3 eV, 1.55 eV and 2.2 eV. These values are quite simi-
lar to those obtained for the effective Coulomb repulsive
term Ud in the reference [12] we will explain why later.
In the same manner we can find the Hubbard parameter
Ud by calculating the difference in the band energy of a
d orbital with Ne electrons and a d orbital with Ne − 1
electrons. But this calculation is known to give a value
of Ud about 10 eV or 20 eV with the method in the ref-
erence [13]. This problem comes also to the fact that
we neglect the exchange-correlation. Remove an electron
can be seen as a creation of a hole which screens the local
electronic structure, so in the same picture we should re-
duce the exact exchange-correlation in the energy to take
into account the modification of the electronic structure.
Ud =
1
2
[∫ EF
−∞
End(E,Ne − 1)dE −
∫ EF
−∞
End(E,Ne)dE
]
−UΣd
It is finally possible to deduce the exchange coupling Jd−d
from the expression (6). The Curie temperature will be
calculated using the Stoner-Weiss model [14].
Tc ≈
Jd−dµ2eff
3kB
(7)
III. RESULTS
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FIG. 1. Comparison of LDOS in a local d band and non
local d band
By using the hopping parameters given in the refer-
ence [15] along with our own hopping parameters, we
calculated the (LDOS) in the delocalized d band and a
localized d band. The figure (1) shows that in the local-
ized case the bandwidth is weak and the density of states
is high. Every state is occupied on average by more than
one electron showing an almost double occupation of a lo-
cal electronic structure, describing strong bonded system
in the Hartree-Fock picture. This is not the electronic
structure of the d band of a transition metal (we will
see later that it is the ground state of a transition metal
oxide without a crystal field splitting) and all the ener-
gies are then wrong without an appropriate correction.
But in the case of the delocalized d LDOS (with the sp
states) the bandwidth is wide by the screening effect in-
duced but the s state making the occupation on average
by only one electron which corresponds to the description
of an electron density with the exchange-correlation hole
and describes the ground state in a metal.
4To find our values of µ, ∆, we shift the rigid bands
with successive values of ∆ conserving the charge in the
d band until we obtain the coherent magnetic moment
(described in the reference [9]). This approach is the fit
of two curves represented by :
µ(∆) = n↑d − n↓d and µ(∆) =
5
U
∆ (8)
This process which can appear approximate is quite ac-
curate since we will find the exact correlations (∆, U)
which gives a the correct magnetic moment. We found
in the localized d band 3.01 eV for the effective repulsion
Ud in the Cobalt FCC. This value is obtained by shifting
the LDOS by an exchange splitting energy of ∆ = 0.93
eV to get a coherent magnetic moment of µ = 1.55 µB
(excluding the orbital magnetic moment about 0.12 µB
[16]). This value of ∆ is in agreement with some pho-
toemission experiments of 1 eV [17–19]. Likewise, in the
Iron and the Nickel we found respectively Ud = 3.78 eV
and Ud = 2.2 eV by splitting the LDOS with 1.63 eV and
0.26 eV. Values also in agreement with another photoe-
mission results [20, 21] for a coherent magnetic moment
of 2.2 µB in the Iron and 0.61µB in the Nickel. The
exchange coupling and the Curie temperature are calcu-
lated using the expressions (6) and (7).
TABLE I. Electron-electron interaction parameters and the
Curie temperature calculated in a localized d band
Fe BCC Co FCC Ni FCC
U localizedd [eV] 3.78 3.01 2.2
µ [eV] 2.20 1.55 0.61
∆ [eV] 1.63 0.93 0.26
Jd−d [eV] 0.03 0.07 0.14
Tc [K] 561 701 201
We obtain an inaccurate description of the magnetic
system, with the Curie temperature almost the half of
the experimental Curie temperature due to the almost
double occupation, the magnetic energies are also under-
estimated [6] and this system is known to give a surface
energies half of the experimental surface energies. The
agreement with the experimental results for the exchange
splitting ∆ and the effective repulsion Ud is due to the
fact that the exchange-correlations are not taking into
account in the energy balance when the experimentalists
treats the photoemission spectrum. This model shows
another characteristic, if we consider our atomic configu-
ration, in this strong bonded model γ = 3, 2 and 1 elec-
trons engaged in to form the bonds for the Co, Fe and Ni
in the d shell to get the stability. With the results of the
Table (I) we can define the exact exchange-correlation
energy as the effective repulsion in one orbital d by the
itinerant electrons giving the relation : Uxc = U locald /γ.
That is the reason why in the reference [12] gives the
exact exchange-correlation energy. In the case of the de-
localized d band, we found for the exchange splitting in
the iron, Cobalt and the Nickel respectively 2.76 eV, 1.87
eV (comparable to another calculation [22]) and 0.76 eV
and the Hubbard parameter Ud about 6.10 eV, 6.09 eV
and 6.63 eV (about 6 ev for the three metals) for getting
the good magnetic moment (Tableau II).
TABLE II. Electron-electron interaction parameters calcu-
lated in a delocalized d band
Fe BCC Co FCC Ni FCC
Udelocalized [eV] 6.10 6.09 6.63
∆ [eV] 2.76 1.87 0.81
Jd−d [eV] 0.054 0.14 0.44
Tc [K] 1065 1350 632
These values which seems overestimated are the real
values of the effective repulsion because they contain the
screening effects and we obtain an accurate Curie temper-
ature and the exchange coupling. The only way to annihi-
late this screening potential and the exchange-correlation
hole effect is to add an electronegative element. In fact,
in a transition metal oxide, the delocalized sp charge is
bonded and then localized in the p state so that the
exchange-correlation hole is annihilated and a gap ap-
pears. The localized d band (without sp screening) then
describes perfectly the transition metal oxide and solving
the Kohn-Sham’s equations with an exchange-correlation
term for the d band will always describes these oxides as
a metal. A metal oxide is then paradoxically a weakly
correlated system. This gap is a coulomb energy barrier
to delocalize the d electron which can be express by :
Eg,dr = U
delocalized
d − U localizedd (9)
The direct gaps for the NiO, FeO et CoO are respec-
tively 2.05 eV, 3.1 eV et 4.43 eV. The transition from
the localized to the delocalized state can then be ther-
mally activated, we will not study these Mott transition
in this paper. It is then finally possible to change the
basis from a localised basis to a delocalized basis by the
simple relation :
U localizedd = U
delocalized
d − 2Uxcd︸ ︷︷ ︸
Gap
This relation gives the link between the localized d band
and the partial delocalized d band. The gap is therefore
given by Eg,dr = 2·Uxc and the exact echange-correlation
energies from the experimental gaps are 1.2 eV, 1.4 eV
and 2.15 eV for Fe, Co and the Ni respectively and for
all the d orbitals ( Uxcd (total) = n0 × Uxcd ) : 6 eV, 7 eV
and 10.75 eV which corresponds to the corrections using
a LDA+U or a GGA+U.
IV. CONCLUSION
The interactions between electrons are fundamentals in
the solid state physics, there are always problematic be-
cause the electrons behaviors are not really predictable.
5As the electron-electron interactions depends on the final
occupation gives the fact that maybe we will never solve
the many-body Schro¨dinger equation analytically. But
we can deduce interaction parameters between electrons
as showed in this work and elaborate a semi-empirical
model accurate and faster than calculations based on the
first principles and extend our study to complex mate-
rials. In this paper, all the electronic structure of a the
three transition metals and an oxides is due to local-
ization or the delocalization of a single s electron. The
screening induces by this sp state should be investigated
in a strong formalism with the green’s functions, giv-
ing the way to describe analytically the exact exchange-
correlation and the possibility to build a new model
which will take into account the localized and the de-
localized effects instead of dealing with several function-
als and approximations for special systems. But waiting,
although the corrections by quantifying the correlations
give a coherence and the unification of many models. As
we saw, to study a metal, we ought to use a delocalized d
band otherwise we cannot describe correctly the energies
and we are not dealing with a transition metal d band
but a transition metal oxide. The corrections by shift-
ing the atomic levels or adding a repulsive term are then
compulsories.
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